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Computing the omplexity of the relation of
isometry between separable Banah spaes
Julien Melleray
Abstrat
We ompute here the Borel omplexity of the relation of isometry
between separable Banah spaes, using results of Gao-Kehris [4℄ and
Weaver [15℄.
1 Introdution
Over the past fteen years or so, the theory of omplexity of Borel equiv-
alene relations has been a very ative eld of researh; in this paper, we
ompute the omplexity of a relation of geometri nature, the relation of
(linear) isometry between separable Banah spaes. Before stating preisely
our result, we begin by realling the basi fats and denitions that we need
in the following of the artile; we refer the reader to [8℄ for a thorough intro-
dution to the onepts and methods of desriptive set theory.
(A) Notations, denitions.
In this artile, the letters X and Y always refer to separable metri spaes.
We say that a metri spae (X, d) is Polish if (X, d) is separable and om-
plete; we often forget d and write it simply X .
We all standard Borel spae any pair (X,Σ), where X is a set and Σ is a
σ-algebra onX whih is isomorphi to the σ-algebra formed by the Borel sub-
sets of [0, 1]. Any unountable Polish spae X , endowed with the σ-algebra
whose elements are the Borel subsets of X , is a standard Borel spae.
If X and Y are standard Borel spaes, a map f : (X,ΣX) → (Y,ΣY ) is said
to be Borel if f−1(A) ∈ ΣX for all A ∈ ΣY . Borel maps are losed under
omposition.
If X is a Polish metri spae, we let F(X) = {F ⊂ X : F is losed }.
We endow it with the σ-algebra generated by the sets {F ∈ F(X) : F ∩U 6=
∅}, where U varies over the open subsets of X . This is alled the Eros Borel
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struture.
If X is unountable then F(X), equipped with the Eros Borel struture, is
a standard Borel spae.
If X is a standard Borel spae and A ⊂ X , we say that A is analyti if
there exists a standard Borel spae Y and a Borel map f : Y → X suh that
A = f(Y ).
We say that an equivalene relation E dened on the standard Borel spae
X is Borel (resp. analyti) if it is a Borel (resp. analyti) subset of X ×X ,
endowed with its natural Borel struture.
To avoid onfusions, let us speify that an isometry is a bijetive map
f : X → Y suh that d(f(x), f(x′)) = d(x, x′); if f : X → Y is distane-
preserving but not onto, then we say that f is an isometri embedding.
If X is a Polish metri spae, we let Iso(X) denote its isometry group.
(B) Classiation problems
In our setting, a lassiation problem is, given a "denable" (Borel, ana-
lyti...) equivalene relationE on a standard Borel spaeX , to nd invariants
for this relation, i.e a set I and a map f : X → I suh that (xEy)⇔ (f(x) =
f(y)).
Of ourse, for this to be of interest, both I and f have to be as onrete as
possible; we refer the reader to [4℄ or [9℄ for a detailed introdution about
lassiation problems, and bibliographial referenes on this subjet.
Sine some lassiation problems have already been well-studied, it is natu-
ral to look for a way to ompare the omplexities of lassiation problems:
intuitively, an equivalene relation E is simpler than another equivalene
relation E ′ when knowing a lassiation for E ′ is enough to obtain a lassi-
ation for E.
Formally, one says that a relation E, dened on a standard Borel spae X ,
Borel redues to a relation E ′ on a standard Borel spae X ′ if there exists a
Borel map f : X → X ′ suh that
(xEy)⇔ (f(x)E ′f(y)) .
This indeed implies that "E is simpler than E ′", in the sense explained above:
omposing by f , any lassiation of E ′ is enough to dene a lassiation
of E (asking that f be Borel means that it is also not too muh harder to
ompute the invariants for E when knowing those for E ′).
We note E ≤B E ′ if E Borel redues to E ′, and E ∼B E ′ if E and E ′ Borel
redue to one another (in other worlds, the lassiation problems for E and
E ′ have the same omplexity).
The relation≤B indues a hierarhy on the levels of omplexity of equivalene
relations; in this artile, we onern ourselves with the relation of isometry
2
between Banah spaes, and ompute its plae in this hierarhy. To explain
how this relation ts in our frame, and to state preisely our main result,
we need to reall some properties a a remarkable Polish spae, the universal
spae of Urysohn.
(C) Urysohn's universal metri spae.
Up to isometry, Urysohn's universal metri spae U, rst onstruted by
Urysohn in [13℄, is the only Polish metri spae with has the following two
properties:
- U is universal, whih means that any Polish metri spae is isometri to a
(neessarily losed) subset of U;
- U is ω-homogeneous, i.e any isometry between two nite subsets F1, F2 of
U extends to an isometry of U.
For more informations about this spae, and bibliographial referenes, we
refer the reader to [4℄ or [10℄.
Here, we use the Urysohn spae beause of results by Gao and Kehris [4℄.
To state these, we rst need to point out that, sine any Polish metri spae
is isometri to some losed set F ∈ F(U), one may onsider F(U) (with the
Eros Borel struture), as being the (Borel) spae of Polish spaes.
One easily heks that the relation of isometry ⋍i (dened on F(U), endowed
with the Eros Borel struture) is analyti, where
(P ⋍i P
′)⇔ (P and P ′ are isometri) .
To ompute the exat omplexity of this relation, Gao and Kehris onsidered
the relation ⋍Ui dened, for P, P
′ ∈ F(U), by
(P ⋍Ui P
′)⇔ (∃ϕ ∈ Iso(U) ϕ(P ) = P ′) .
Using a variation of Kat¥tov's onstrution of U (f. [7℄), they proved that
(⋍i) ∼B (⋍Ui ), and that ⋍Ui is Borel bireduible to the universal relation for
relations indued by a Borel ation of a Polish group.
We use this result to ompute the omplexity of the relation of (linear) isom-
etry between separable Banah spaes.
(D) Organization of the artile and statement of the main theorem.
We begin by briey presenting the basi fats of the theory of Lipshitz-free
Banah spaes, and remark that results of Godefroy and Kalton [5℄ about
these spaes are enough to show that the uniquely determined losed linear
span of U (f. [6℄) is a universal Banah spae up to linear isometry, thus
answering a question of Holmes [6℄.
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This Banah spae is atually isometri to F (U), the Lipshitz-free spae
over U (see the next setion for denitions).
If B is a Banah spae, {F ∈ F(B) : F is a subspae} is a Borel subset of
F(B); we may thus onsider {F ∈ F(F (U)) : F is a subspae} as the (Borel)
spae of all separable Banah spaes. Then one again heks that the rela-
tion of linear isometry between separable Banah spaes is analyti; sine
any isometry between Banah spaes is ane, it is lear that this relation
Borel redues to ⋍i.
We use results of Weaver [15℄ to prove that the relation of isometry between
Polish metri spaes Borel redues to the relation of isometry between sepa-
rable Banah spaes; this, added to the results of Gao and Kehris desribed
above, enables us to ompute the Borel omplexity of the relation of isometry
between separable Banah spaes.
Theorem. The relation of (linear) isometry between separable Banah spaes
is Borel bireduible with the universal relation for relations indued by a Borel
ation of a Polish group.
Aknowledgements. If not for onversations with several people, I would
not have heard about many of the results used in this artile, nor would I
have understood them. I would espeially like to thank Lionel Nguyen Van
The, who told me about the artile of Holmes [6℄; Valentin Ferenzi, who
explained to me the links between this artile and the theory of Lipshitz-
free Banah spaes, and told me about the Godefroy-Kalton theorem; and
Gilles Godefroy, who kindly took time to disuss with me the theory of
Lipshitz-free Banah spaes. I am very grateful to all of them.
2 Lipshitz-free Banah spaes
In this setion we briey detail the basi denitions and properties of Lipshitz-
free Banah spaes; we follow the seond hapter of [15℄. The interested
reader may nd more informations about these spaes in [15℄ and [5℄.
If (X, d, e) is a pointed metri spae, one lets Lip0(X, d, e) denote the spae
of Lipshitz funtions on X that map e to 0.
One denes a norm on Lip0(X, d, e) by setting
||f || = inf{k ∈ R : f is k − Lipshitz} .
It is worth noting that, if one hooses another basepoint e′, then Lip0(X, d, e)
and Lip0(X, d, e
′) are isometri, one possible isometry being given by the
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mapping f 7→ f − f(e′).
In the following, when no onfusion is possible, we forget about d and e and
simply write Lip0(X); we write [Lip0(X)]1 to denote the losed unit ball of
Lip0(X).
If (X, d) is a metri spae, we say that m : X → R is a moleule if m has a
nite support, and
∑
x∈X m(x) = 0.
For p, q ∈ X, one may dene a moleule mpq by setting mpq = χ{p} − χ{q},
where χX stands for the harateristi funtion of X .
For any moleule m, one may nd points pi, qi ∈ X and reals ai suh that
m =
n∑
i=1
aimpiqi.
We let ||m|| = inf{
n∑
i=1
|ai|d(pi, qi) : m =
n∑
i=1
aimpiqi} .
Then ||.|| is a seminorm on the spae of moleules; we all Lipshitz-free spae
over X , and note F (X), the ompletion (relative to this seminorm) of the
spae of moleules modulo null vetors (there are atually no null vetors,
as we will see shortly). This spae is also known in the litterature as the
Arens-Eells spae of X .
The following fat is the basis of the theory of Lipshitz-free Banah spaes:
Fat.(see e.g [15℄) The spaes F (X)∗ and Lip0(X) are isometri.
The natural isometry T : F (X)∗ → Lip0(X) is dened by
∀x ∈ X (Tφ)(x) = φ(mxe) .
(here e is any point in X ; reall that, if e 6= e′ ∈ X , then Lip0(X, d, e) and
Lip0(X, d, e
′) are isometri).
The inverse S of T is dened by the formula
(Sf)(m) =
∑
x∈X
f(x)m(x) .
Therefore, the Hahn-Banah theorem implies that, for any moleule m, one
has
||m|| = sup {
∑
x∈X
f(x)m(x) : f ∈ [Lip0(X)]1
}
.
It is interesting to notie that this means that ||m|| is determined by the
distanes between points in the support of m and the values of m on its
support. Indeed, if Y ⊂ X is a subspae of the metri spae X , it is easy
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to see that any 1-Lipshitz real-valued map on Y extends to a 1-Lipshitz
real-valued map on X . Therefore, for any point e ∈ X , one has, for any S
that ontains the support of m, that
||m|| = sup {
∑
x∈X
f(x)m(x) : f ∈ [Lip0(S ∪ {e}, d, e)]1
}
This implies that ||.|| is in fat a norm on the spae of moleules.
Indeed, let e ∈ X , and m be a non-zero moleule; then one has
m =
∑n
i=1 aimpie for points pi ∈ X\{e} (whih we may assume to be pairwise
distint) and reals ai 6= 0.
We may nd some ε > 0 suh that ε < min{d(pi, pj) : i 6= j}.
Let now f(e) = 0, f(pi) = ε
|ai|
ai
; f is 1-Lipshitz.
Then the formula above implies that
||m|| ≥
∑
x∈X
f(x)m(x) =
n∑
i=1
ε|ai| > 0 .
This proof also shows that the family {mxe}x∈X is linearly independent.
Furthermore, one heks easily that ||mxy|| = d(x, y) for all x, y ∈ X .
Hene, if e is any point in X , then the mapping x 7→ mxe is an isometri
embedding of X in F (X), suh that the losed linear span of the image of X
is equal to the whole spae F (X).
In the following, we will be mainly interested in the Lipshitz-free spae over
the Urysohn spae U.
In [6℄, M.R Holmes, following earlier work of Sierpinski [12℄ on isometri
embeddings of U in Banah spaes, proved a very surprising result, whih we
state below.
Theorem. (Holmes) If U is isometrially embedded in a Banah spae B,
and 0 ∈ U, then one has, for all x1, . . . , xn ∈ U and λ1, . . . , λn ∈ R:
||
n∑
i=1
λixi|| = sup
{∣∣
n∑
i=1
λif(xi)
∣∣ : f ∈ [Lip0({x1, . . . , xn} ∪ {0})
]
1
}
.
This theorem has remarkable onsequenes: assume that X,X ′ are isometri
to U, and that 0 ∈ X ⊂ B, 0 ∈ X ′ ⊂ B′, where B and B′ are Banah spaes.
Then any isometry ϕ : X → X ′ mapping 0 to 0 extends to a linear isome-
try ϕ˜ whih maps the losed linear span of X (in B) onto the losed linear
span of X ′ (in B′): to see that, one simply has to hek that the mapping
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ϕ˜ :
∑n
i=1 λixi 7→
∑n
i=1 λiϕ(xi) is an isometry from the linear span of X to
that of X ′, and this is a diret onsequene of the theorem of Holmes quoted
above.
Also, if P ⊂ X is a Polish metri spae ontaining 0, then Holmes' result
shows that the losed linear span of P (in B) is isometri to the Lipshitz-free
spae over P .
In partiular, if U is embedded in a Banah spae B in suh a way that 0 ∈ U,
and the losed linear span of U is B, then B is isometri to the Lipshitz-free
Banah spae over U.
Holmes obviously did not know about the theory of Lipshitz-free Banah
spaes; he alled the unique (up to isometry) Banah spae desribed above
"the uniquely determined losed linear span of U". After notiing that any
separable metri spae isometrially embeds into this spae (sine, as any
Polish spae, it isometrially embeds into U!), he asked the following ques-
tion (whih is also the question n. 997 of [11℄):
Is it true that any separable Banah spae admits a linear isometri embed-
ding in the uniquely determined losed linear span of U?
A theorem of Godefroy and Kalton [5℄ shows that the answer to this question
is positive: indeed, they show that if B,B′ are separable Banah spaes and
B embeds isometrially in B′, then B embeds linearly isometrially in B′. In
partiular, if X is a universal Polish spae up to isometry, then F (X) is a
universal separable Banah spae up to linear isometry; in partiular, F (U)
is universal up to linear isometry.
Remark: If X is a losed subset of the separable Banah spae B, then the
mapping
F ∈ F(X) 7→ span(F ) ∈ F(B)
is Borel (where both F(X) and F(B) are endowed with the Eros Borel
struture).
So, if one identies the lass of Polish spaes to the set of losed subsets of
U ontaining 0, and the lass of separable Banah spaes to the set of losed
subspaes of F (U), then we may see the mapping X 7→ F (X) as a Borel
mapping between two standard Borel spaes.
In our ontext, one question about Lipshitz-free Banah spaes is of speial
interest: if X is a Polish metri spae, how muh of its metri struture is
"enoded" in F (X)? In other words, if one knows thatX, Y are Polish metri
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spaes suh that F (X), F (Y ) are isometri, an we nd a relation between
the metri strutures of X, Y ?
Before saying more about this, we need a denition:
We say that f : X → Y is a dilatation if there exists λ > 0 suh that
d(f(x), f(x′)) = λd(x, x′) .
It is easy to see that if there is a dilatation from X onto Y then F (X) and
F (Y ) are isometri. The onverse is false in general, but beautiful results of
Weaver imply that it holds for a rather large lass of spaes; what is interest-
ing for us is that the relation of isometry between all Polish spaes redues
to that of isometry between spaes in the aforementioned sublass.
Weaver [15℄ says that a Polish spae P is onave if, for all p 6= q ∈ P , the
moleule
mpq
d(p,q)
is an extreme point in the unit ball of F (X)∗∗ (here we use
the anonial embedding of F (X) into its bidual).
Then Weaver proves the following result :
Theorem. (Weaver [15℄) Let P and P ′ be two onave Polish metri spaes,
and assume that F (P ) and F (P ′) are isometri. Then there exists a dilata-
tion from P onto P ′.
He also shows that the lass of onave Polish metri spaes is fairly large:
Theorem. (Weaver [15℄) Let (P, d) be a Polish metri spae. Then (P,
√
d)
is onave.
(He atually proves that (P, dα) is onave for any α ∈]0, 1[; we will only
need this fat for α = 1
2
)
Intuitively, by replaing d by
√
d (whih is easily heked to be a omplete
distane, ompatible with the topology of P ), one has "uniformly eliminated"
the equality ase in the triangle inequality, and this fat is enough to study
preisely the struture of the isometries of F (P ).
A very simple, yet very important for our onstrutions, fat is that, if (P, d)
and (P ′, d′) are two metri spaes, then (P, d) and (P ′, d′) are isometri if,
and only if, (P,
√
d) and (P ′,
√
d′) are isometri.
This shows that one may redue the relation of isometry between Polish
metri spaes to that of isometry between onave Polish metri spaes.
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3 The omputation
As we saw above, the results of Weaver seem to imply that one may redue
the relation of dilatation between onave Polish metri spaes to the relation
of isometry between separable Banah spaes. Furthermore, the relation of
isometry between Polish spaes redues to that of isometry between onave
metri spaes.
This gives us a good idea as to how one may Borel redue the relation of
isometry between Polish metri spaes to that of linear isometry between
Banah separable spaes: one simply has to nd a way to replae the word
"dilatation" by isometry in the rst sentene above (at least for a big enough
lass of Polish metri spaes), and then to show that all the redutions in-
volved are Borel.
First, we need a way to ode Polish metri spaes. Given what we saw in the
introdution, it would be natural to onsider F(U), endowed with the Eros
Borel struture, as being the (Borel) spae of all Polish metri spaes. This
is what Gao and Kehris did in [4℄, where they showed that the relation ⋍Ui
indued by the ation of Iso(U) on F(U) is universal for relations indued
by a Borel ation of some Polish group.
We shall indeed make use of this oding; to simplify the proof below, we
introdue another way of oding Polish metri spaes.
We follow Vershik [14℄ and dene the set of odes of Polish metri spaes as
the set M of all d = (di,j) ∈ Rω×ω suh that:
(1) ∀i, j di,j ≥ 0;
(2) ∀i di,i = 0;
(3) ∀i, j di,j = dj,i;
(4) ∀i, j, k di,k ≤ di,j + dj,k.
Then, given a ode d = (di,j), one may naturally dene a distane on the
quotient of N by ∼, where (i ∼ j) ⇔ (di,j = 0); then we assoiate to d the
Polish metri spae (P, d) whih is the ompletion of N/∼ endowed with the
distane indued by d.
Notie that M is a losed subset of Rω×ω (endowed with the produt topol-
ogy); thus, the indued topology turns it into a Polish metri spae.
It is then easy to hek (see [2℄) that the relation of isometry in the odes,
whih we denote by ⋍ci , is analyti.
Also, it is important to point out here that results of Clemens, Gao and
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Kehris (see [3℄) imply that
(⋍ci) ∼B (⋍i) ∼B (⋍Ui ) .
This means that the two odings of Polish spaes that we have introdued
are equivalent from our point of view.
To see this, notie that the theorem of Kuratowski-Ryll-Nardzewski enables
one to show easily that (⋍i) ≤B (⋍ci).
Also, sine U is nitely injetive, one may nd a Borel map Θ whih sends
any ode d onto a losed set Θ(d) ⊂ U whih is isometri to the spae oded
by d; this proves that (⋍ci ) ≤B (⋍i).
Furthermore, results of Gao and Kehris [4℄ show that we may also ensure
that d ⋍ci d
′ ⇔ Θ(d) ⋍Ui Θ(d′) , and that (⋍i) ∼B (⋍Ui ).
Depending on the situation, one of these relations is more onvenient to use
than the others, whih explains why we introdued the set M and the rela-
tion ⋍ci .
We now show how one may replae the word "dilatation" by isometry in the
reasoning desribed in the beginning of this setion.
If (X, dX) and (Y, dY ) are two metri spaes, then (X, dX) and (Y, dY ) are
isometri if, and only if, (X, dX
1+dX
) and (Y, dY
1+dY
) are isometri.
Furthermore, the mapping "d 7→ d
1+d
" is ontinuous in the odes: hene,
isometry between Polish metri spaes Borel redues to isometry between
bounded Polish metri spaes, and isometry between unbounded Polish met-
ri spaes Borel redues to isometry between Polish spaes of diameter (ex-
atly) 1.
It is also easy to assoiate ontinuously (in the odes) a ode for an un-
bounded Polish metri spae Ψ(d) to any ode d for a bounded Polish metri
spae X , in suh a way that
(Ψ(d) ⋍i Ψ(d
′))⇔ (d ⋍ci d′) .
Hene, the relation of isometry between Polish metri spaes Borel redues
to the relation of isometry between Polish spaes of diameter (exatly) 1, so
these relations are atually Borel bireduible.
The point of xing the diameter of the spaes we onsider is of ourse that,
if X and Y are two bounded Polish metri spaes of the same diameter, then
any dilatation of X onto Y atually must be an isometry.
Given the results of Gao and Kehris quoted above, we may nd a Borel map
Φ0, dened on the sets of odes of Polish metri spaes of diameter (exatly)
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1, and taking its values in F(U) (endowed with the Eros Borel struture),
suh that :
- If d odes a Polish metri spae (P, d), then Φ0(d) ontains 0, and is iso-
metri to (P,
√
d).
- If d ⋍ci d
′
then Φ0(d) ⋍
U
i Φ0(d
′).
Let Φ(d) denote the losed linear span of Φ0(d) in F (U). Then we see that
Φ: M→ F(F (U)) is Borel.
Then, thanks to the results of Weaver detailed above, we obtain the following
result:
Theorem 3.1. Let d, d
′
ode two Polish metri spaes P , P ′ of diameter
(exatly) 1.
Then the following assertions are equivalent:
(1) P and P ′ are isometri.
(2) Φ(d) and Φ(d′) are isometri .
(3) There is a linear isometry of F (U) whih maps Φ(d) onto Φ(d′).
Proof:
(2) ⇒ (1) is a diret onsequene of the results of Weaver. Indeed, if Φ(d)
and Φ(d) are isometri, then Φ0(d) and Φ0(d
′) are isometri (sine they are
onave, and have the same diameter); then, by denition of Φ0, we know
that (P,
√
d) and (P ′,
√
d′) are isometri, hene P and P ′ must be isometri
too.
(3)⇒ (2) is a triviality, and (1)⇒ (3) is a onsequene of the fat that any
isometry of U mapping Φ0(d) onto Φ0(d
′) extends to a linear isometry of
F (U) mapping the losed linear span of Φ0(d) onto that of Φ0(d
′). ♦
This shows that Φ is a Borel redution of isometry between Polish spaes
of diameter (exatly) 1 to the relation of linear isometry between Banah
spaes. Given the results of Gao and Kehris [4℄ detailed in the introdution,
this is enough to ompute the exat omplexity of the relation of isometry
between separable Banah spaes.
Theorem 3.2. The relation of isometry between separable Banah spaes is
Borel bi-reduible to the universal relation for relations indued by a Borel
ation of a Polish group.
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Unfortunately, the results above do not seem to shed any light on the many
questions remaining open in related areas; for instane we still do not know
the exat omplexity of isomorphism between separable Banah spaes, and
have very little information about the relation of homeomorphism between
ompat metri spaes.
Also, it is worth pointing out that F (U) seems to be quite a remarkable
objet, as shown by the theorem of Holmes stated earlier. To our knowledge,
next to nothing is known about the geometry of this spae; it might prove
fruitful to delve further in that diretion (part of the problem here is that it
is hard to ask "good" questions about the geometry of this spae, sine its
denition makes the study of the "usual" questions quite diult, at least
for us).
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